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BENOIT 

 

Description of Methods 

-BASICS 

Self-Similar Fractals 

This help file presents an overview of techniques to estimate the fractal dimension of a 
given data set.  The methods described are quite similar. In all cases, one measures some 
characteristic of the data set that should be related through a power law to a length scale 
(e.g., number of occupied boxes of linear size d). The results are plotted in log-log space, 
and, if the set is fractal, they should follow a straight line. The fractal dimension is a simple 
function of the exponent of the power law, i.e., of the slope of the straight line in log-log 
space.  The slope is estimated by fitting a line using the method of least squares. 

The fractal dimension of a data set is measured by making sure that the data set has scale-
invariant characteristics. To test scale invariance, one needs to be able to examine the set at 
a variety of length scales. A data set has fractal limits, and outside these limits, methods to 
measure fractal dimension will return a trivial value. For example, a box dimension method 
will measure a zero dimension when the boxes are smaller than the smallest distance 
between points in the data set, or are larger than the total range occupied by the data set.  
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Therefore, for an adequate test of scale invariance, one needs to be able to have at least an 
order or magnitude (preferably more) between these limits. One needs a large number of 
discrete measurements (several hundred at the very least). There is no reliable way to test 
scale invariance and measure a fractal dimension of a small data set. 

The upper and lower fractal limits are controlled by the size of the data set. They should not 
be confused with length scales where the fractal dimension of the set changes; it is 
conceivable that there may be sets that have different fractal dimensions in different ranges 
of scales. These variations in fractal dimension may correspond to the effects of different 
physical processes acting at different scales, and may thus be very useful information. 

There is no unique definition of fractal dimension, but rather there are a variety of methods 
used to measure it. The choice of a method is usually a matter of convenience, as different 
methods are tailored to different types of data sets. Benoit includes methods suitable for 
measuring the dimension of a set of points lying in a plane, of self-similar lines lying in a 
plane, and of sets of two-dimensional objects (e.g., islands) lying in a plane. The treatment 
will be for data sets embedded in two-dimensional space, so that the actual measurements 
in the set will usually be pairs of x-y coordinates.  

While in some cases the fractal dimensions estimated by different methods are expected to 
be the same, you will see that this is not always true. It is therefore good practice to always 
be aware of the particular method used; this is mandatory for comparisons of dimensions of 
different data sets. In Benoit the fractal dimension symbol D is followed by one or two 
letters indicating the particular method used. For example Db is the symbol for fractal 
dimension measured using the box method. 

 

Self-Affine Fractals 

About Self-Affine Fractals 

Introduction 

The methods for self-similar fractals are not immediately applicable to self-affine traces. To 
see why this is the case, consider estimating the ruler dimension on a self-affine trace. One 
can immediately see that this is problematic, because the ruler works in an isotropic space, 
i.e., a space where the vertical and the horizontal coordinates are interchangeable, and the 
ruler length is maintained regardless of its orientation. The self-affine profile, however, is 
such that the ratio between its vertical and horizontal ranges varies with scale (this ratio 
remains constant in self-similar fractals). The significance of the length of a self-affine 
profile measured by the ruler is clearly questionable. 
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In fact, it has been shown that if the ruler length is greater than the cross-over length, the 
length N(d) measured will be roughly constant, and the fractal dimension will always turn 
out to be 1. At lengths large with respect to the cross-over scale, the dimension of a self-
affine line will always be one. Where the cross-over length is the length where the vertical 
range of the trace equals the horizontal range. A solution that allows one to use a ruler to 
measure the fractal dimension is to artificially increase the cross-over length, by 
multiplying all the y values in the profile by a large constant. 

The self-affine methods in Benoit are specifically suited to self-affine fractals, and estimate 
the fractal dimension from the self-affine properties of the trace. In practice, one measures 
the variation in vertical range, or roughness, of the figure for a variety of horizontal scales; 
this operation provides an estimate of the Hurst exponent H,  that can be converted to the 
fractal dimension. As for self-similar fractals, a range of at least an order of magnitude in 
length scales is needed for a fair test of scale invariance, and for this to be the case, one 
needs a large number of points in the trace (several hundred at the very least). The 
dimension obtained using different self-affine methods do not necessarily coincide; to 
compare different data sets, it is therefore important to always specify the method used for 
the measurement of the fractal dimension.  

Our notation will be to designate these traces (or profiles, or series) as finite sets composed 
of  y coordinates only. Traces to be analyzed by Benoit must have a constant sampling 
interval X separating adjacent observations.  Note that one can implement all possible 
constant sampling intervals by using the Scaling Units option for displaying a trace.  
However, this option is for printing and displaying purposes only, not for analysis. In the 
descriptions of individual methods to estimate the fractal dimension those methods that 
require a constant sampling interval are distinguished from those that do not, even though 
this version of Benoit requires constant sampling intervals. Interpolation of a series with 
non-uniform sampling to uniform sampling is discouraged, as interpolation typically 
modifies the statistical character of the trace in a way that is difficult to predict. 

 

The Hurst Exponent H 

Self-affine fractals differ from self-similar fractals in that their parts need to be rescaled by 
different factors in different coordinates to resemble the original. Consider a self-similar 
fractal embedded in the x-y plane, e.g., the Von Koch curve. To obtain an exact copy of the 
original, one can take a portion of the curve and enlarge it by a factor r = 3 both in the x and 
y coordinates. Consider now a self-affine fractal.  If we want an exact copy of the original, 
we have to take a portion of the curve and enlarge it by different factors, for example, rx = 
3 in the x coordinate and ry = 2 in the y coordinate. We can write these two rescaling 
factors as rx = r and: 𝑟𝑟𝑦𝑦 = 𝑟𝑟𝐻𝐻 , where H is the Hurst exponent.   
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In general, we have: 

𝐻𝐻 = log(𝑟𝑟𝑦𝑦 )
log(𝑟𝑟𝑥𝑥 )

                        (1) 

and, for the example: 

𝐻𝐻 = log(2)
log(3)

= 0.6309 …         (2) 

Note that, by writing ry as a power of rx, one make the relationship independent of any 
length scale, i.e., scale invariant. The Hurst exponent is related to the fractal dimension. 
Bellow we will show the relationship between H and the box dimension using as a 
paradigm random self-affine traces, or profiles. 

 

Range Of Hurst Exponent And Trace Transform Functions 

As defined here and implemented in Benoit, the range of the Hurst exponent is from 0 to 1, 
where H=0 for pink noise (the slope on a log-log plot is 1); where H=0.5 for a Brownian 
noise (walk) (the slope on a log-log plot is 2); and where H=1 for black noise (the slope on 
a log-log plot is 3).  We note that the Hurst exponent has also been defined for other parts 
of the noise spectrum, and one can move noises from one part of the spectrum to another by 
using the transform procedures defined immediately below. Table 1 sets out the range and 
relationships between the slope beta on a log-log plot, the Hurst Exponent, the names of 
noises used in physics, and the fractal dimension D. 

Table 1 

Slope on Log-log 
Plotin Power 

SpectralAnalysis 

Hurst Exponent 
H 

Noise 
Color 

Fractal 
Dimension 

D 
-1 0 Blue 2 
0 0 White 2 
1 0 Pink 2 
2 0.5 Brown 1.5 
3 1 Black 1 

 

Notice that the Hurst exponent has a value of 0 and therefore can not distinguish between 
blue, white, and pink noises.  Thus, if your data trace has a slope between -1 and 1 on the 
log-log plot then Benoit will not distinguish between them and will give the result H = 0 
and D = 2.  Fortunately, there are two simple transform that shift the slope and thereby H 
and D.  The first transform is called "Running Sum".   
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The running sum of a series: 

𝑧𝑧𝑖𝑖 = ∑ (𝑦𝑦𝑗𝑗 − 𝑦𝑦�)𝑖𝑖
𝑗𝑗=𝑖𝑖                   (3) 

𝑧𝑧𝑖𝑖  is the ith y coordinate value in the running sum 

𝑦𝑦𝑗𝑗  is the jth y coordinate value in the original trace 

𝑦𝑦�  is the average y coordinate value in the original trace  

The effect of this transform is to shift the slope of the original series by a factor of +2.  
Thus, if the slope of the original time series was -1, then the slope of the transformed series 
is 1.  Of course the transform works for all values of slope.  Therefore, the user is advised 
to follow the following procedure when analyzing self-affine trace patterns.  First analyze 
your original trace using the Power Spectral Analysis Method.  Check the slope (beta) on 
the log-log plot.  If slope is less than 1.0, then select the "Running Sum" and transform your 
data trace.  Then run the transformed data trace to measure the Hurst exponent and fractal 
dimension.  

The second transform is called "First Difference".  The first difference of a series is 
constructed by taking the difference between the y coordinates of adjacent points in the 
series: 

𝑧𝑧0 = 𝑦𝑦0 − 𝑦𝑦� 

                              𝑧𝑧𝑖𝑖 = 𝑦𝑦𝑖𝑖 − 𝑦𝑦𝑖𝑖−1 + 𝑦𝑦�              (4) 

𝑧𝑧𝑖𝑖  is the ith y coordinate value in the first difference 

𝑦𝑦𝑗𝑗  is the ith y coordinate value in the original trace 

𝑦𝑦�  is the average y coordinate value in the original trace  

The effect of this transform is to shift the slope of the original time series by a factor of -2.  
Thus, if the slope of the original time series was 3, then the slope of the transformed series 
is 1. Of course the transform works for all values of slope. In Benoit it is possible to 
generate synthetic traces with slope (beta) between -1 and 1.  We include this transform as 
an option in our synthetic trace generation method, so that user can transform synthetic 
traces to beta between -3 and -1, if desired.  The user is advised to follow the following 
procedure when analyzing self-affine trace patterns.  First analyze your original trace.  
Analyze the trace using the Power Spectral Analysis Method.  Check the slope (beta) on the 
log-log plot. Then run the transformed data trace and measure the slope (beta) which should 
be -2 beta of the original trace. 
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Fractional Brownian Motion and Fractional Gaussian Noise 

A simple example of a random, rough trace is the record of a game of heads and tails. 
Consider a game played using a fair coin (i.e., with the same probability p = 0.5 of 
obtaining heads or tails at each toss). Suppose that the game is played so that a gambler 
wins a unit sum when heads come up, and loses the same unit sum when tails come up. The 
record of the wins/losses of the gambler is a random walk, or Brownian motion, in one 
dimension. Note that this differs from a random walk in two dimensions: in the one-
dimensional case, the random walk takes place in the vertical coordinate only. This 
immediately suggests that the two coordinates have a different status. 

Consider the values attained by a number of one-dimensional random walks that start from 
zero and continue for N steps (N coin tosses in our example). It is obvious that, as the coin 
is fair, the average value of the random walk will be zero. On the other hand, we can clearly 
have a variety of results, and it is intuitive that the spread of these results will increase as N, 
the length of the random walk, increases. Our example is known as a simple random walk, 
i.e., a random walk where the steps can be either +1 or -1 with equal probability p = 0.5. It 
is a standard result of probability theory that the distribution of the final values of a simple 
random walk after N steps is a Gaussian with a variance that is proportional to N, and a 
standard deviation that is proportional to the square root of N. 

Now consider the typical range (i.e., the expected difference between the minimum and the 
maximum value of y) attained by a simple random walk of N steps. This range is bound to 
be proportional to the standard deviation of the distribution of the results of the random 
walk. In other words, for a simple random walk that spans a length w of the x coordinate, 
we can write the standard deviation of its values 𝜎𝜎(𝑤𝑤) and the vertical range R(w) as 

𝜎𝜎(𝑤𝑤) ≈ 𝑅𝑅(𝑤𝑤) ≈ 𝑤𝑤1/2                     (5) 

This relationship shows that one-dimensional Brownian motion is self-affine. Consider a 
one-dimensional random walk composed of a large number of steps, and an enlargement of 
a small portion that spans a length w = 1/r of the original. Both these traces are obviously 
random walks; because of (5), the small portion covers a vertical range that is 

 𝑤𝑤1/2 = 1/𝑟𝑟1/2 of the original. 

Therefore, if we want to enlarge our subset to resemble the original, we need to rescale it 
by a factor r in the x coordinate and a factor r1/2 in the y coordinate. In other words, 
Brownian motion in one dimension is a self-affine fractal with a Hurst exponent H=0.5.    

A simple one-dimensional random walk already provides a trace that resembles naturally 
occurring profiles. However, the steps are constrained to be either +1 or -1, and the simple 
random walk has a discrete structure that is unnatural.  
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A simple alternative is to take steps that are allowed to vary and that follow a normal 
distribution. From here on, we define Brownian motion in one dimension as a random walk 
where the steps are random uncorrelated samples taken from a Gaussian distribution of zero 
mean. "Uncorrelated" means that the value of each step has nothing to do with the value of 
the neighboring steps. The series of the steps, i.e., the first differences of such a random 
walk are commonly referred to as white noise, where the adjective "white" is used because 
the power spectrum of such noise is constant at all frequencies. This choice of steps makes 
the random walk take a more realistic appearance. A random walk with Gaussian 
increments has the same properties of a simple random walk, i.e., it is self-affine with a 
Hurst exponent H = 0.5. Mandelbrot introduced an extension to one-dimensional Brownian 
motion, and called it fractional Brownian motion. Fractional Brownian motion is defined as 
a random function with increments that are normally distributed, but with a standard 
deviation s(w) and a range in the vertical coordinate R(w)  that depend on the length of the 
sample w in the horizontal coordinate as follows: 

𝜎𝜎(𝑤𝑤) ≈ 𝑅𝑅(𝑤𝑤) ≈ 𝑤𝑤𝐻𝐻                    (6) 

where H, the Hurst exponent, can take any value between 0 and 1. Brownian motion is then 
simply fractional Brownian motion with H = 0.5. 

The increments of fractional Brownian motion are aptly termed fractional Gaussian noise. 
For H between 0 and 0.5, neighboring values of fractional Gaussian noise are negatively 
correlated; for H between 0.5 and 1, neighboring values of fractional Gaussian noise are 
positively correlated. To understand this, consider a series of fractional Gaussian noise with 
a zero mean. Positive correlation means that, if at some position we find a positive (or 
negative) value, at the neighboring position we are more likely to find a value with the 
same sign than with the opposite sign. Negative correlation means that neighboring values 
are more likely to have opposite signs than the same sign. Positive correlation is sometimes 
referred to as "persistence", and negative correlation as "antipersistence". 

Imagine now a hiker that follows a path that is a trace of fractional Brownian motion with 
some value of H. The height of each step taken by the hiker will then be a series of 
fractional Gaussian noise. If H is 0.5, each step can be up or down completely at random, 
and the hike will be rather rough. If H is greater than 0.5, however, the steps will be 
positively correlated: each step upward is likely to be followed by another step upward, and 
so on. The hike will be smoother than in the case of H = 0.5. On the other hand, if H is less 
than 0.5, the hike will be extremely rough. In other words, profiles of fractional Brownian 
motion with different values of H will have different degrees of roughness. 

 

 



8 
 

It should be stressed that the previous discussion on positive and negative correlation is to 
be taken strictly a pedagogical. There are infinite ways to generate series of positively or 
negatively correlated noises, and the reader should not interpret the discussion above as to 
imply that any correlated noise is fractional Gaussian noise. Fractional Gaussian noises 
must have a correlation structure such that the corresponding fractional Brownian motions 
are scale-invariant. For this to be true, positive and negative correlations in fractional 
Gaussian noises with  𝐻𝐻 ≠ 0.5  have to persist for very long intervals. 

 

The Hurst Exponent And The Fractal Dimension 

To relate the Hurst exponent to the fractal (box) dimension, take a sample of fractional 
Brownian motion and rescale it in the horizontal and vertical coordinates to fit in a unit 
box.  Then superimpose a grid of linear spacing d on the unit box, and let us count the 
number of boxes N(d) that are needed to cover the trace. From the definition of box 
dimension Db: 

𝑁𝑁(𝑑𝑑) = 1
𝑑𝑑𝐷𝐷𝑏𝑏

                         (7) 

To determine N(d), consider the following. Because of self-affinity, a portion of the trace 
spanning a horizontal range equal to d will cover on the average a vertical range equal to . 
As each box has a linear size equal to d, this means that in a vertical column there will be 
on the average  

𝑑𝑑𝐻𝐻/𝑑𝑑 = 𝑑𝑑𝐻𝐻−1 

 filled boxes. As there are 1/d columns, we can write the expected number of filled boxes 
as:  

𝑁𝑁(𝑑𝑑) = 𝑑𝑑𝐻𝐻−2                       (8) 

Combining (5) and (6), we immediately obtain 

Self-affine traces:    𝐷𝐷𝑏𝑏 = 2 − 𝐻𝐻         (9) 

This expression relates the Hurst exponent and the fractal dimension of self-affine fractal 
traces, i.e., figures embedded in a two-dimensional plane. This definition of fractal 
dimension clearly agrees with the appearance of traces and surfaces of varying H. Traces 
with H near zero are quite rough, and have a fractal dimension near 2; traces with H near 1 
are smoother, and have a fractal dimension that tends to 1. 
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Fractal Analysis Methods 

Self-Similar Patterns 

 

- BOX DIMENSION 

Box dimension estimation method for self-similar patterns stored in BMP files. Color 
patterns will be converted to B&W format. 

Description of Method 

Box Dimension Estimation Method 

The box dimension is defined as the exponent Db in the relationship: 

𝑁𝑁(𝑑𝑑) ≈ 1
𝑑𝑑𝐷𝐷𝐷𝐷

                                      (1) 

where N(d) is the number of boxes of linear size d necessary to cover a data set of points 
distributed in a two-dimensional plane. The basis of this method is that, for objects that are 
Euclidean, equation (1) defines their dimension.  

One needs a number of boxes proportional to 1/d to cover a set of points lying on a smooth 
line, proportional to 1/d^2 to cover a set of points evenly distributed on a plane, and so on. 

This dimension is sometime called grid dimension because for mathematical convenience 
the boxes are usually part of a grid.. One could define a box dimension where boxes are 
placed at any position and orientation, to minimize the number of boxes needed to cover the 
set.  It is obviously a very difficult computational problem to find among all the possible 
ways to cover the set with boxes of size d the configuration that minimizes N(d). Also, if 
the overestimation of N(d) in a grid dimension is not a function of scale (i.e., we 
overestimate N(d) by, say, 5% at all box sizes d), which is a plausible conjecture if the set 
is self-similar, then using boxes in a grid or minimizing N(d) by letting the boxes take any 
position is bound to give the same result. This is because a power law such as (1) is such 
that the exponent does not vary if we multiply N(d) or d by any constant. 

In practice, to measure Db one counts the number of boxes of linear size d necessary to 
cover the set for a range of values of d; and plot the logarithm of N(d) on the vertical axis 
versus the logarithm of d on the horizontal axis. If the set is indeed fractal, this plot will 
follow a straight line with a negative slope that equals -Db. To obtain points that are evenly 
spaced in log-log space, it is best to choose box sizes d that follow a geometric progression 
(e.g., d = 1, 2, 4, 8,...), rather than use an arithmetic progression (e.g., d = 1, 2, 3, 4,...). 
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A choice to be made in this procedure is the range of values of d. Trivial results are 
expected for very small and very large values of d. A conservative choice may be to use as 
the smallest d ten times the smallest distance between points in the set, and as the largest d 
the maximum distance between points in the set divided by ten. Alternatively, one may 
exceed these limits and discard the extremes of the log-log plot where the slope tends to 
zero. 

In theory, for each box size, the grid should be overlaid in such a way that the minimum 
number of boxes is occupied.  This is accomplished in Benoit by rotating the grid for each 
box size through 90 degrees and plotting the minimum value of N(d).  Benoit permits the 
user to select the angular increments of rotation. 

 

- PERIMETER-AREA DIMENSION 

Perimeter-Area dimension estimation for self-similar patterns stored in BMP files. Color 
patterns will be converted to B&W format. The Pattern must be a single non-crossing loop. 
(see kochisl.bmp file). 

Description of Method 

Perimeter-Area Dimension Estimation Method 

Consider an object that is a closed loop in the two-dimensional plane, e.g., an island. 
Suppose that this island is a Euclidean object, i.e., a circle. Then the area A and the 
perimeter P of such an island are related as follows: 

𝑃𝑃 = 2𝜋𝜋𝑟𝑟 = 𝑟𝑟√𝜋𝜋𝜋𝜋 ≈ √𝜋𝜋    

                       𝜋𝜋 = 𝜋𝜋𝑟𝑟2 = 𝑃𝑃2

4𝜋𝜋
≈ 𝑃𝑃2                        (1) 

where r is the radius of the circle; note that the proportionality between A and P does not 
depend on r. If the island had a fractal perimeter, then the relationships (1) become  

𝑃𝑃 ≈ (√𝜋𝜋)𝐷𝐷𝐷𝐷 = 𝜋𝜋𝐷𝐷𝐷𝐷/2     

                         𝜋𝜋 ≈ 𝑃𝑃2/𝐷𝐷𝐷𝐷                                      (2) 

where Dp is the perimeter-area dimension. Indeed, if Dp = 1, one obtains the Euclidean 
case, as in (1); if Dp = 2, then the figure is space-filling because P A. If Dp is between 1 
and 2, equation (2) shows that the perimeter of the fractal figure is longer than the 
perimeter of a Euclidean figure with the same area, as expected. 



11 
 

 In practice, to estimate Dp one measures perimeter P and area A with boxes of 
different side length d, and plots the logarithm of A on the vertical axis versus the 
logarithm of P on the horizontal axis.  If the relationship is indeed fractal, this plot will 
follow a straight line with a positive slope that equals 2/Dp. Note that the estimation of 
perimeters and areas has to be done over a range of d. 

 

- INFORMATION DIMENSION 

Information dimension estimation for self-similar patterns stored in BMP files.             
Color patterns will be converted to B&W format. 

Description of Method 

Information Dimension Estimation Method 

This fractal dimension is often encountered in the physics literature, and is generally 
different from the box dimension. In the definition of box dimension, a box is counted as 
occupied and enters the calculation of N(d) regardless of whether it contains one point or a 
relatively large number of points. The information dimension effectively assign weights to 
the boxes in such a way that boxes containing a greater number of points count more than 
boxes with less points. The information entropy I(d) for a set of N(d) boxes of linear size d 
is defined as 

𝐼𝐼(𝑑𝑑) = −∑ 𝑚𝑚𝑖𝑖 log(𝑚𝑚𝑖𝑖)
𝑁𝑁(𝑑𝑑)
𝑖𝑖=1                     (1) 

where mi is: 

                                                               𝑚𝑚𝑖𝑖 = 𝑀𝑀𝑖𝑖
𝑀𝑀

                                  (2) 

where Mi is the number of points in the i-th box and M is the total number of points in the 
set.  

 

Consider a set of points evenly distributed on the two-dimensional plane. In this case, we 
will have 

𝑁𝑁(𝑑𝑑) ≈ 1
𝑑𝑑2 𝑚𝑚𝑖𝑖 ≈ 𝑑𝑑2                                   (3) 

so that (1) can be written as 

𝐼𝐼(𝑑𝑑) ≈ −𝑁𝑁(𝑑𝑑)[𝑑𝑑2 log(𝑑𝑑2)] ≈ − 1
𝑑𝑑2 [2𝑑𝑑2log(𝑑𝑑)] = −2 log(𝑑𝑑)       (4) 
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For a set of points composing a smooth line, we would find 

𝐼𝐼(𝑑𝑑) ≈ −log(𝑑𝑑) 

 Therefore, we can define the information dimension Di as in: 

                 𝐼𝐼(𝑑𝑑) ≈ −𝐷𝐷𝑖𝑖 log(𝑑𝑑)                             (5) 

In practice, to measure Di one covers the set with boxes of linear size d keeping track of the 
mass mi in each box, and calculates the information entropy I(d) from the summation in 
(1). If the set is fractal, a plot of I(d) versus the logarithm of d will follow a straight line 
with a negative slope equal to -Di. At the beginning of this section, we noted that the 
information dimension differs from the box dimension in that it weighs more heavily boxes 
containing more points. To see this, let us write the number of occupied boxes N(d) and the 
information entropy I(d),  in terms of the masses  mi contained in each box: 

𝑁𝑁(𝑑𝑑) = �𝑚𝑚𝑖𝑖
0

𝑖𝑖

 

𝐼𝐼(𝑑𝑑) = −∑ 𝑚𝑚𝑖𝑖 log(𝑚𝑚𝑖𝑖)𝑖𝑖              (6) 

The first expression in (6) is a somewhat elaborate way to write N(d), but it shows that each 
box counts for one, if mi > 0. The second expression is taken directly from the definition of 
the information entropy (1). The number of occupied boxes, N(d), and the information 
entropy I(d) enter on different ways into the calculation of the respective dimensions, it is 
clear from (6) that: 

𝐷𝐷𝑏𝑏 ≤ 𝐷𝐷𝑖𝑖   (7) 

The condition of equality between the dimensions (7) is realized only if the data set is 
uniformly distributed on a plane. 

 

- MASS DIMENSION 

Mass, cluster or pointwise dimension estimation method for self-similar patterns stored in 
BMP files. Color patterns will be converted to B&W format. The method works best for 
centrally symmetric figures. 

Description of Method 

Mass Dimension Estimation Method 
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Draw a circle of radius r on a data set of points distributed in a two-dimensional plane, and 
count the number of points in the set that are inside the circle as M(r). If there are M points 
in the whole set, one can define the "mass" m(r) in the circle of radius r as: 

𝑚𝑚(𝑟𝑟) = 𝑀𝑀(𝑟𝑟)
𝑀𝑀

        (1) 

Consider a set of points lying on a smooth line, or uniformly distributed on a plane.  In 
these two cases, the mass within the circle of radius r will be proportional to r and r^2 
respectively. One can then define the mass dimension Dm as the exponent in the following 
relationship: 

𝑚𝑚(𝑟𝑟) ≈ 𝑟𝑟𝐷𝐷𝑚𝑚           (2) 

In practice, one can measure the mass m(r) in circles of increasing radius starting from the 
center of the set and plot the logarithm of m(r) versus the logarithm of r.  If the set is 
fractal, the plot will follow a straight line with a positive slope equal to Dm. As the radius 
increases beyond the point in the set farthest from the center of the circle, m(r) will remain 
constant and the dimension will trivially be zero. This approach is best suited to objects that 
follow some radial symmetry, such as diffusion-limited aggregates. In the case of points in 
the plane, it may be best to calculate m(r) as the average mass in a number of circles of 
radius r. 

𝑚𝑚(𝑟𝑟) ≈ 𝑟𝑟𝐷𝐷𝑚𝑚            (2) 

It can be shown that the mass dimension of a set equals the box dimension. This is true 
globally, i.e., for the whole set; locally, i.e., in portions of the set, the two dimensions may 
differ. Let us cover the set with N(d) boxes of size d, and let us define the mass, or 
probability, in the i-th box mi as: 

𝑚𝑚𝑖𝑖 = 𝑀𝑀𝑖𝑖
𝑀𝑀

                 (3) 

where Mi is the number of points in the i-th box and M is the total number of points in the 
set.  

We can now write the average mass, or probability, in boxes of size d as m(d), the average 
mi in the N(d) boxes: 

𝑚𝑚(𝑑𝑑) = 1
𝑁𝑁(𝑑𝑑)

∑ 𝑚𝑚𝑖𝑖 = 1
𝑁𝑁(𝑑𝑑)

𝑁𝑁(𝑑𝑑)
𝑖𝑖=1                     (4) 

(the sum of all the masses mi is obviously one). As the operation of calculating the mass 
contained in a box of size d is the same as calculating the mass in a circle of radius r, we 
can write our definition of mass dimension (2) in terms of d rather than r: 

𝑚𝑚(𝑑𝑑) ≈ 𝑑𝑑𝐷𝐷𝑀𝑀                (5) 
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By using (4) and re-arranging terms, we obtain: 

𝑁𝑁(𝑑𝑑) ≈ 1
𝑑𝑑𝐷𝐷𝑀𝑀

                 (6) 

which is the definition of the box dimension; thus, the mass dimension equals the box 
dimension. 

 

 RULER DIMENSION 

Ruler dimension estimation method for self-similar patterns stored in BMP files. Color 
patterns will be converted to B&W format. 

Description of Method 

Ruler Dimension Method 

Consider the problem of estimating the fractal dimension of a jagged, self-similar line, the 
typical example being a coastline.  Define N(d) as the number of steps taken by walking a 
divider (ruler) of length d on the line, the ruler dimension Dr is defined as:  

𝑁𝑁(𝑑𝑑) ≈ 𝑑𝑑−𝐷𝐷𝑟𝑟                    (1) 

The basis of this method is as follows: if the line is Euclidean, Dr = 1, then the length of the 
line will be a constant independent of d.   Note that this is bound to be true for values of d 
sufficiently small. For example, the perimeter of a circle measured by a ruler of length d 
will be constant when d is much less than the radius of the circle. At the other extreme, if 
the line completely fills space, Dr = 2, i.e., the length of the line is linearly related to the 
length of the ruler. This can be shown to be true by equating the measured length of the line 
N(d) with the number of boxes needed to cover the line N(d) times d: When Dr = 2, the 
number of filled boxes is proportional to 1/d^2, and the line fills the two-dimensional 
space.  One can show the formal equivalence of the ruler and box dimension. 

 

In practice, to obtain Dr one counts the number of steps N(d) taken by walking a divider 
(ruler) of length d on the line, and plot the logarithm of N(d) versus the logarithm of d. If 
the line is indeed fractal, this plot will follow a straight line with a negative slope that 
equals  -Dr. It should be noted that in general, a ruler of length d will not cover exactly the 
line, but we will be left with a remainder. Benoit keeps this remainder and therefore has 
non-integer values of N(d). 
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Self-Affine Traces 

- R/S Analysis 

Hurst exponent and Fractal dimension estimation of traces by R/S analysis. 

 

Description of Method 

Consider an interval, or window, of length w in a trace. Within this window, one can define 
two quantities: 

R(w), the range taken by the values of y in the interval. The range is measured with respect 
to a trend in the window, where the trend is estimated simply as the line connecting the first 
and the last point within the window. This subtracts the average trend in the window. 

S(w), the standard deviation of the first differences delta y (dy) of the values of y within the 
window. The first differences of the y’s are defined as the differences between the values of 
y at some location x and y at the previous location on the x axis: 

dy(x) = y(x) - y(x - dx) (1) 

where delta x (dx) is the sampling interval, i.e., the interval between two consecutive values 
of x. 

A reliable measurement of S(w) requires data with a constant sampling interval dx, because 
the expected difference between successive values of y is a function of the distance 
separating them. S(w) in the rescaled range method is used to standardize the range R(w) to 
allow comparisons of different data sets; if S(w) is not used, the range R(w) can be 
calculated on data sets that have a non-constant sampling interval. 
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The rescaled range R/S(w) is defined as: 

 

𝑅𝑅
𝑆𝑆(𝑤𝑤) = 〈𝑅𝑅(𝑤𝑤)

𝑆𝑆(𝑤𝑤)
〉                     (2) 

where w is the window length and the angled brackets <R(w)> denote the average of a 
number of values of R( 

w). The basis of the method is that, because of self-affinity, one expects the range taken by 
the values of y in a window of length w to be proportional to the window length to a power 
equal to the Hurst exponent H, i.e., 

𝑅𝑅
𝑆𝑆(𝑤𝑤) = 𝑤𝑤𝐻𝐻                       (3) 

In practice, for a given window length w, one subdivides the input series in a number of 
intervals of length w, measures R(w) and S(w) in each interval, and calculates R/S(w) as 
the average ratio R(w)/S(w), as in (2). This process is repeated for a number of window 
lengths, and the logarithms of R/S(w) are plotted versus the logarithms of w. If the trace is 
self-affine, this plot should follow a straight line whose slope equals the Hurst exponent H. 
The fractal dimension of the trace can then be calculated from the relationship between the 
Hurst exponent H and the fractal dimension: 

Drs = 2 - H (4) 

Where Drs denotes the fractal dimension estimated from the rescaled range method. 

 

- POWER SPECTRUM 

Description of Method 

Power Spectrum Method for Estimation of Hurst Exponent and Fractal Dimension of 
Traces 

This method uses the properties of power spectra of self-affine trace. In practice, to obtain 
an estimate of fractal dimension, one calculates the power spectrum P(k) (where k = 2p/l is 
the wavenumber, and l is the wavelength), and plots the logarithm of P(k) versus the 
logarithms of k. If the trace is self-affine, this plot should follow a straight line with a 
negative slope -b. This exponent is related to the fractal dimension Ds as follows: 

𝐷𝐷𝑆𝑆 = 5−𝑏𝑏
2

            (1) 

where Ds denotes the fractal dimension estimated from the power spectrum. 
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A measure of the amplitude of the trace can be estimated as P(k0), the value of the power 
spectrum at some wavenumber k0 . This value is not an estimate of the cross-over length, 
but a generic amplitude parameter that can be used in comparing different data sets. 

It should be emphasized that obtaining an adequate estimate of the power spectrum of a 
sampled function is not a trivial matter.  

For example, one may take a Fourier transform of the input series using available fast 
Fourier transform algorithms and squaring the transform coefficients. This operation results 
in the periodogram, which is a poor estimate of the power spectrum. The principal defect of 
the periodogram is that the estimate of the power at any frequency is very noisy, with the 
amplitude of the noise being proportional to the spectral power. Benoit offers an improved 
technique of spectral estimation where this noise is smoothed by averaging periodograms 
obtained in equal logarithmic intervals of the data set. 

Before Fourier transformation, it is best to take away any average linear trend in the data 
series, and to apply a taper. Tapering is done by multiplying the input series by a function 
that smoothly goes to zero at the extremities. Fast Fourier transform algorithms assume that 
the series is periodic (i.e., its end point is connected to its starting point). Thus, tapering 
must be done to avoid edge effects and to minimize spectral leaking. 

Spectral leaking, i.e., power being added to the estimate at some wavenumber from 
neighboring wavenumbers, is a particular concern if the spectrum is very red, i.e., if the 
long-wavelength components have greater power than the short-wavelength components. 
This is always the case for self-affine traces. Note that points on the Log-Log plot that fall 
far from the fitted line are at frequencies where spectral leaking occurs. In BENOIT, user 
can increase accuracy of the method by turning off the points where spectral leaking 
occurs. 

All these considerations apply to spectral estimation using Fourier transforms of the data 
trace. The power spectral method algorithm in Benoit requires evenly-spaced data.  Among 
the self-affine methods, the use of the power spectral density to obtain the fractal dimension 
is definitely the most problematic, although paradoxically it is the most common in the 
literature. 

Power Spectrum Parameters 

Averaging  - This option provides an improved technique of spectral estimation where 
averaging of periodograms obtained in equal logarithmic intervals of the data set smoothes 
the noise. Check box ON activates this feature. For information on intervals, see dialog box 
for Number of Intervals. Note: After averaging user can increase accuracy of the method by 
turning off the points where spectral leaking occurs. 
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Number of intervals - This is the number of equal logarithmic intervals into which the 
Fourier frequencies are divided.  The average value of the power spectrum is then 
calculated in each interval.  A straight line is then fit to the average values, not to the 
periodogram itself. The minimum number of intervals is 2; the maximum is equal to the 
number of data points divided by 4. The default is the number of points analyzed divided 
by 100 or it is 50, whichever is larger.  This option is active only if Averaging option is 
ON. 

 

Apply taper function - Tapering is accomplished by multiplying the input data series by a 
function that smoothly goes to zero at the extremities.  Fast Fourier transform algorithms 
assume that the series is periodic (i.e., its end point is connected to its starting point). Thus, 
tapering must be done to avoid edge effects and to minimize spectral leaking. The formula 
for taper function is displayed in dialog box.  User can not modify or replace this function. 
Check box ON activates this feature. 

 

Remove linear trend - This option removes any average linear trend in the data trace.  
Check box ON activates this feature. 

 

Taper function - This is the formula for the tapering function (a function that smoothly goes 
to zero at the extremities) which is multiplied by the input trace so that its end point is 
connected to its starting point.  

 

Copyright © TruSoft Int'l Inc. 1997-1999.  All Rights Reserved. 

 

 

 

- ROUGHNESS-LENGTH 

Hurst exponent and Fractal dimension estimation of traces  by Roughness-Length 
relationship method. 
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- VARIOGRAM 

Hurst exponent and Fractal dimension estimation of traces by Variogram method. 

Description of Method 

Variogram Method for Estimation of Hurst Exponent and Fractal Dimension of Traces 

Let us define the variogram (also known as variance of the increments, or structure 
function) as the expected value of the squared difference between two y values in a trace 
separated by a distance w. In other words, the sample variogram V(w) of a series y(x) is 
measured as follows: 

𝑉𝑉(𝑤𝑤) =< [𝑦𝑦(𝑥𝑥) − 𝑦𝑦(𝑥𝑥 + 𝑤𝑤)]2 >                 (1) 

i.e., V(w) is the average value of the squared difference between pairs of points at distance 
w . This expression for the variogram is often divided by two in the geostatistical literature 
to obtain the semi-variogram, which can be immediately related to the autocovariance 
function. The distance of separation w is often referred to as the "lag". 

 To obtain the relationship between V(w) and the Hurst exponent, consider what 
happens in a trace of fractional Brownian motion . If one takes a length span equal to w, the 
value of the difference between y(w) and y(0) will be normally distributed with a variance 
s(w)^2  (where s = standard deviation) that is proportional to w^2H.  

If one now takes the squared difference, the expected value is going to be equal to s(w)^2, 
so that one can write 

𝑉𝑉(𝑤𝑤) ≈ 𝑤𝑤2𝐻𝐻                       (2) 
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In practice, to obtain an estimate of H, the average squared difference between all the pairs 
of points separated by a distance w is calculated as V(w) in (1) for a number of window 
lengths, and the logarithms of V(w) are plotted versus the logarithms of w. If the trace is 
self-affine, this plot should follow a straight line whose slope equals twice the Hurst 
exponent H. The fractal dimension of the trace can then be calculated from the relationship 
between the Hurst exponent H and the fractal dimension Dv: 

𝐷𝐷𝑣𝑣 = 2 − 𝐻𝐻                      (3) 

where Dv denotes the fractal dimension estimated from the variogram. 

This method can be applied to series that do not have constant sampling interval, if one 
takes points separated by distances w ± dw, (where d = delta), where dw is a small 
percentage of w (say, a few percent). A measure of the amplitude of the trace can be 
estimated as the window length wc where V(wc)^0.5 = wc. As in the case of RMS 
roughness, this value of w will not really give an estimate of the cross-over scale. . 

The considerations above make clear why a trend is subtracted from the data within a 
window in the calculation of the range R(w) and of the RMS roughness s(w). The 
variogram precisely measures the average squared value of this trend, which is proportional 
to the window length and to the Hurst exponent as in (2). If the average trend is not 
subtracted before range or roughness is estimated, the existing trend will add some amount 
to the final estimate of range or roughness. This amount is not a constant percentage, but it 
is proportional to the window length, and therefore the expected contribution of a trend will 
vary in different window lengths. To make a valid comparison of range or roughness in 
windows of different size, it is best to eliminate trends first. 

 

- WAVELETS 

Hurst exponent and Fractal dimension estimation of traces by Wavelets Method. 

Description of Method 

Wavelets Method for Estimation Hurst Exponent and Fractal Dimension of traces 

Wavelet analysis is a tool for analyzing localized variations in power by decomposing a 
trace into time frequency space to determine both the dominant modes of variability and 
how those modes vary in time.   

This method is appropriate for analysis of non-stationary traces, i.e. where the variance 
does not remain constant with increasing length of the data set.  Fractal properties are 
present where the wavelet power spectrum is a power law function of frequency.  The 
Wavelet method is based on the property that Wavelet transforms of the self-affine traces 
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have self-affine properties. Consider n wavelet transforms each with a different scaling 
coefficient ai, where S1, S2,..., Sn, are  the standard deviations from zero of the respective 
scaling coefficients  ai.  

Define the ratio of the standard deviations G1, G2,..., Gn-1 as: G1=S1/S2,  G2=S2/S3,..., 
Gn-1=Sn-1/Sn. Estimate the average value of Gi as: 

𝐺𝐺𝑎𝑎𝑣𝑣𝑎𝑎 =
∑ 𝐺𝐺𝑖𝑖𝑛𝑛−1
𝑖𝑖=1

𝑛𝑛 − 1
 

The Hurst exponent (H) is H=f(Gavg), where f is a heuristic function which approximates 
the Hurst exponent by Gavg for stochastic self-affine traces.  

Benoit sets n=4 and ai=2i for i=0,1,2,3. The fractal Dimension Dw = 2-H. The mother 
wavelet in Benoit is a step function. 

 

Data Files 

- FRAGMENTATION DIMENSION 

Fragmentation dimension estimation method. 

 

- SELF-AFFINE TRACE GENERATOR 

Three methods for generation of synthetic Self Affine traces (ts file is generated by 
Successive Random Addition, Wavelets or Fourier Transformation method). 

 

- WHITE NOISE TRACE FILTER FOR TRACES 

Traces white noise filtering by Wavelets and Fourier filters 

 

 

 

Methods For Automatic Deactivation of Data Points on The Fractal Plots 

The user can select from four methods implemented to deactivate sequence of adjacent data 
points that deviate from a straight line fit on the fractal plots.  Each method is based on 
different criteria as described below and is automatic in that the methods are implemented 
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without interaction with the user after selection of the method. The sequence of data points 
deactivated are usually located on the ends (left, right or both) of the points on the plot.  
Deviation of a sequence of points at either or both ends of the plot can be due to one or 
more of the following reasons.  A universal reason is the breakdown of the fractal analysis 
methods near the ends of finite data sets. Additional reasons include: the data is not fractal; 
the data is fractal for only a part of its range; the analysis method was used beyond its 
proper limits, e.g. the box sizes were allowed to get too large (D goes to 2) or too small (D 
goes to 1). 

The user also has an option to manually deactivate individual or a sequence of data points 
based on visual inspection.  However, the automatic methods can detect deviations that are 
not apparent to visual inspection and the methods can be tuned to the needs of the user. 

Each of the four methods produced a different cut-off point depending on the fractal 
method and on the nature of the data analyzed.  Therefore, the user is encouraged to test 
each of the methods and their tuning parameters to learn the sensitivities. 

1. Max Angle 

Starting at either end of the data points, each point is sequentially considered as an 
inflection point. Then, two lines are fit to the data; to the left of the inflection point and to 
the right of it. The angle between these two lines fit is calculated. This procedure is iterated 
to produce a sequence of the angles.  The maximum angle is selected and all the point to 
either the left or right are deactivated. 

2. Smart Angle 

The user chooses either the leftmost point {1} (or the rightmost point {N}) as the starting 
point of the method.  

Then the following sets of the points is grouped: 

{{1,2} {1,2,3} ...{1,2,N}} 

Then the method sequentially fits a straight line to each of the sets, thus obtaining the 
sequence of angles (a), measured from the horizontal axis.  When finished, the maximum 
and the minimum angles are stored.  

 

For noisy data sets, linear filtering can be applied to the sets before linear fitting.  Scroll bar 
controlled Smoothing Filtration (weighted averaging) permits the user to set the number of 
neighboring points to be used in the linear filter. The filter uses a weighted average of the 
nearest neighbor's ordinate value to calculate a weighted average ordinate value for each 
point.  This results in recalculating the ordinate values so that the data points fall more 
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closely to a straight line fit. Moving the scroll bar to the leftmost position turns off the 
filter.  Moving the scroll bar to rightmost position sets the number of neighboring points to 
10 for linear fitting. 

The sensitivity scroll bar sets the value of the sensitivity coefficient (0 < k  < 1) which will 
establish a cutoff data point and the deactivation of subsequent data points based on the 
following equation: 

a = amin + (1 - k) ( amax - amin)   (1) 

- For the min sensitivity (k=0), the angle (a) is equal to the maximum angle of the sequence 

- For the max sensitivity (k=1), the angle (a) is equal to the minimum angle of the sequence  

- For values of  k between zero and one the angle , the angle (a) is between the max and 
min  

In this method, the last data point (of the first set that has an angle with the value  
established in Equ. 1) is automatically set as a cutoff point, beyond which all data points are 
deactivated. 

The third setting is termed roll-back. This feature moves the cutoff point one or more data 
points to the left of the cutoff point set by the sensitivity coefficient. If the go-back 
checkbox is ON, then the method places the cutoff point one or more data points to the left 
of the cutoff point until the difference between adjacent angles is less than 0.1(angle ).  If 
this option is OFF, then the cutoff is set by the sensitivity coefficient, described above. 

3. Standard Deviation Method 

This method follows the same logic as the Smart Angle method described above, except the 
feature Smoothing Filtration is not available.  The standard deviation of the straight-line 
fitting is used instead of the angles in Equ. 1. 

4. Method of Chords 

This method connects the leftmost and rightmost data points with a straight line (chord).  
Then the perpendicular distance between each of the remaining data points on the plot and 
the line is calculated. The data point that yields the largest distance is designated as the 
cutoff and all points to the left or right are deactivated. 

Data Formats 

1. Self-Similar Methods 

Pattern data to be analyzed by Self-Similar methods must be in bitmap file (*.bmp). 
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Patterns in bitmap file can be black and white or color. Program will automatically convert 
color patterns to black and white with no gray scales.  Note: user must carefully examine all 
patterns when they are displayed in the animation window to check that pattern is displayed 
by white points on a black background.  

In Benoit data points are always white. 

2. Self-Affine and Fragmentation Dimension Methods 

Trace data to be analyzed by Self-Affine methods or data to be analyzed by the 
Fragmentation method both have the same format and must be either trace (*.ts) files or 
other data files which are able to copy the data into clipboard in ASCII format (i.e. MS-
Excel, MS-Word, etc.). 

2.1  Trace files (*.ts) 

The format of *.ts files is as follows:  

· First line is a Name of data set (The name must be less than 512 alphanumeric 
characters including spaces). 

· Second line and all following lines:  amplitude value of data point followed by 
return. Data points must be positive real numbers with decimal point (not coma). 

2.2.  Other data files (MS-Excel, MS-Word, etc.) 

BENOIT is able to read data from all data files, which are able to copy the data into 
clipboard in ASCII format (i.e. MS-Excel, MS-Word, etc.). 

The format of these files is as follows: 

First line and all following lines: value of data point followed by return. Data points must 
be positive real numbers with decimal point (not comma).  

To open such data file, choose “Other Source Files” in the “List files of types” dropbox of 
the Open File dialog. 

Select the file with your data and click “Open”. BENOIT should automatically open the 
application associated with your data file.  

 

A prompt window should appear. It contains the steps you need to complete to import your 
data into BENOIT. These steps are: 

1. Select the data  
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2. Copy it to clipboard by pressing Cntl-C or choosing Edit->Copy 

Once you select the data and copy it to clipboard, a clipboard viewer should pop up. If the 
data displayed in the clipboard viewer is correct, press Ok to import the data into BENOIT. 

 

Methods For Automatic Deactivation of Data Points on The Fractal Plots 

The user can select from four methods implemented to deactivate sequence of adjacent data 
points that deviate from a straight line fit on the fractal plots.  Each method is based on 
different criteria as described below and is automatic in that the methods are implemented 
without interaction with the user after selection of the method. The sequence of data points 
deactivated are usually located on the ends (left, right or both) of the points on the plot.  
Deviation of a sequence of points at either or both ends of the plot can be due to one or 
more of the following reasons.  A universal reason is the breakdown of the fractal analysis 
methods near the ends of finite data sets. Additional reasons include: the data is not fractal; 
the data is fractal for only a part of its range; the analysis method was used beyond its 
proper limits, e.g. the box sizes were allowed to get too large (D goes to 2) or too small (D 
goes to 1). 

The user also has an option to manually deactivate individual or a sequence of data points 
based on visual inspection.  However, the automatic methods can detect deviations that are 
not apparent to visual inspection and the methods can be tuned to the needs of the user. 

Each of the four methods produced a different cut-off point depending on the fractal 
method and on the nature of the data analyzed.  Therefore, the user is encouraged to test 
each of the methods and their tuning parameters to learn the sensitivities. 

1. Max Angle 

Starting at either end of the data points, each point is sequentially considered as an 
inflection point. Then, two lines are fit to the data; to the left of the inflection point and to 
the right of it. The angle between these two lines fit is calculated. This procedure is iterated 
to produce a sequence of the angles.  The maximum angle is selected and all the point to 
either the left or right are deactivated. 

 

 

2. Smart Angle 

The user chooses either the leftmost point {1} (or the rightmost point {N}) as the starting 
point of the method.  
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Then the following sets of the points is grouped: 

{{1,2} {1,2,3} ...{1,2,N}} 

Then the method sequentially fits a straight line to each of the sets, thus obtaining the 
sequence of angles (a), measured from the horizontal axis. When finished, the maximum 
and the minimum angles are stored.  

For noisy data sets, linear filtering can be applied to the sets before linear fitting.  Scroll bar 
controlled Smoothing Filtration (weighted averaging) permits the user to set the number of 
neighboring points to be used in the linear filter. The filter uses a weighted average of the 
nearest neighbor's ordinate value to calculate a weighted average ordinate value for each 
point.  This results in recalculating the ordinate values so that the data points fall more 
closely to a straight line fit. Moving the scroll bar to the leftmost position turns off the 
filter.  Moving the scroll bar to rightmost position sets the number of neighboring points to 
10 for linear fitting. 

The sensitivity scroll bar sets the value of the sensitivity coefficient (0 < k  < 1) which will 
establish a cutoff data point and the deactivation of subsequent data points based on the 
following equation: 

a = amin + (1 - k) ( amax - amin)   (1) 

- For the min sensitivity (k=0), the angle (a) is equal to the maximum angle of the sequence 

- For the max sensitivity (k=1), the angle (a) is equal to the minimum angle of the sequence  

- For values of  k between zero and one the angle , the angle (a) is between the max and 
min. 

In this method, the last data point (of the first set that has an angle with the value  
established in Equ. 1) is automatically set as a cutoff point, beyond which all data points are 
deactivated. 

The third setting is termed roll-back. This feature moves the cutoff point one or more data 
points to the left of the cutoff point set by the sensitivity coefficient. If the go-back 
checkbox is ON, then the method places the cutoff point one or more data points to the left 
of the cutoff point until the difference between adjacent angles is less than 0.1(angle ).  If 
this option is OFF, then the cutoff is set by the sensitivity coefficient, described above. 

 

3. Standard Deviation Method 
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This method follows the same logic as the Smart Angle method described above, except the 
feature Smoothing Filtration is not available. The standard deviation of the straight-line 
fitting is used instead of the angles in Equ. 1. 

4. Method of Chords 

This method connects the leftmost and rightmost data points with a straight line (chord).  
Then the perpendicular distance between each of the remaining data points on the plot and 
the line is calculated. The data point that yields the largest distance is designated as the 
cutoff and all points to the left or right are deactivated. 

 

White-Noise Trace Filtering 

Two methods of data filtering are implemented to permit the user to remove white-noise 
(i.e. uncorrelated noise) from a trace data before fractal analysis is undertaken.  The user 
can choose between two filtering transforms, Fourier and Wavelet.  Both filtration methods 
work by conducting a transform followed by modification of the transform coefficients and 
then making the reverse transform, thereby removing data points, which contribute 
uncorrelated noise to the data set.  The filtered data is then ready for fractal analysis and 
can also be saved so that user can transport it out of Benoit for other purposes. 

The coefficients are modified by three parameters: 

· Horizontal/Vertical 

· Hard/Soft 

· Threshold Level 

Not all combinations of these three parameters work together; only 3 combinations are 
possible: 

1. Vertical and Hard - all coefficients with value less then Threshold level are made = 
0, and thus discarded..  

2. Vertical and Soft - a value, determined by the value of the Threshold level, is 
subtracted from all of the coefficients. 

3. Horizontal (Hard and Soft options are disabled) - all coefficients with respective 
number in the sequence greater then Threshold level are discarded (made = 0). This is the 
most commonly used filter in the scientific literature.  It removes high frequencies from the 
data.   Threshold level set to LOW, then no filtering. For threshold set to HIGH, then high 
frequencies are removed and only low frequencies pass through the filter. 
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The trace of filtered data is displayed in the left frame. The user can save this data by 
pushing the "Save trace" button. 

 

Fragmentation (Size-Frequency) Dimension 

Take a collection of objects of linear size x, and define as N(x) the number of objects 
whose linear size is greater than x. If the set is distributed according to a power-law, it is 
fractal, and the fragmentation dimension is defined as the exponent Df in 

𝑁𝑁(𝑥𝑥)𝑥𝑥−𝐷𝐷𝐷𝐷           (1) 

Note that, as (1) is a power-law, we do not need to normalize N(x) to obtain the cumulative 
distribution function; the exponent of (1) will not be affected by a multiplicative constant.  

 Note that the fragmentation dimension Df is defined in (1) on the linear sizes of the 
fragments. If the variable x were to be areas or volumes, then the exponent in (1) becomes 
Df /2 and Df /3 respectively. Alternatively, one could define x as the square root of the 
measured areas, or the cube root of the measured volumes; in this case, the exponent of (1) 
would remain equal to Df. Because the fragmentation dimension is tied to linear size, we 
have not defined the exponent b of power-law distributions as a fractal dimension in all 
cases. The exponent in a power-law cumulative frequency distribution is the fragmentation 
dimension or is related to it if the variable x represents some geometrical property of the set 
(i.e., length, area, or volume). This is not a necessary requirement of a power-law 
distribution. For example, it is well known that the distribution of personal incomes follows 
a power-law; it does not make much sense, however, to speak of a fractal dimension for a 
non-geometric quantity such as income. 

 

In practice, to measure Df one sorts all the values taken by the variable x, and for each 
value in the set xi defines N(xi) as the number of elements whose x is greater than xi. If the 
set follows a power-law distribution, a plot of the logarithm of N(xi) versus the logarithm 
of xi will be a straight line with a negative slope equal to Df. 

 For a set of fractal islands, is the fragmentation dimension related to the perimeter-
area dimension? If the outlines of the islands are fractal, the two dimension may indeed 
coincide. If the islands are portions of a fractal topographic surface above some base level, 
the ruler dimension of the coastlines, the perimeter-area and the fragmentation dimensions 
should all be the same. This conjecture is supported by the rules of intersection of fractal 
and Euclidean sets. 
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In the general case, however, one may very well have a collection of Euclidean objects 
(e.g., circles) whose perimeters are not fractal but whose sizes follow a power-law 
distribution.  In such a case, the fragmentation dimension should be kept distinct from the 
fractal dimension of the perimeters and/or of the surfaces of the objects in the sample, as 
these dimensions are not necessarily the same. 

 A time series has two principal properties, its statistical distribution and its 
persistence. The statistical distribution of values (e.g. Gaussian, log-normal, power-law) 
can be determined by visual inspection of a plot of the raw (noncumulative) size-frequency 
of values using arithmetic axes.  

Cumulative number-size distributions for data sets of many natural phenomena exhibit a 
“roll-off” from a power law as the object size increases. This roll-off is expected when a 
cumulative data set is truncated at large object size. For truncated data sets, the 
Fragmentation Dimension - GFF Method calculates the fragmentation dimension using the 
General Fitting Function (GFF) developed by Burroughs and Tebbens (unpublished 
manuscript). The GFF provides an approach for fitting cumulative size frequency 
distributions for power law data sets that exhibit a “roll-off” from a power law as the object 
size increases.  

This roll-off is in fact expected where a cumulative data set is truncated at some large 
object size. The GFF fit to a cumulative number-size distribution yields the coefficient and 
exponent of the underlying power law and finds the value of the largest possible object, 
whether or not it is contained in the data set. For truncated power law data sets, the 
"traditional" approach of fitting a power law directly to the cumulative number-size 
distribution estimates too negative an exponent for the power law and overestimates the 
fragmentation dimension of the data set. Fitting the GFF to a power law data set that is not 
truncated will still produce the correct coefficient and Fragmentation Dimension.The 
General Fitting Function is M(r) where: 

𝑀𝑀(𝑟𝑟) = 𝐶𝐶(𝑟𝑟−𝐷𝐷−𝑟𝑟𝑚𝑚𝑎𝑎𝑥𝑥−𝐷𝐷      (2) 

The value for rmax represents value of the largest possible object, whether or not it is 
contained in the data set. The values of r are the object sizes contained in the data set.To 
find the values of C and D for the underlying cumulative power function, Benoit finds the 
values of C, D, and rmax that provide the best fit of equation (2) to a cumulative number-
size distribution of objects. The GFF method gives best results where the "roll-off" is well 
defined by numerous data. Note that "roll-off", because of truncation at large object size, is 
not possible for non-cumulative number-size distributions. 


